In this paper, we study a class of quasilinear elliptic equations on Heisenberg group by using the nonsmooth critical point theory. Under some weaker assumptions, the multiplicity and boundedness of solutions for these equations are obtained.
Introduction
Let H N be the space R N × R N × R. Then H N is a Lie group by the following group operation: and T given by
form a basis for the tangent space at η = (x, y, t). In this paper, we will study the multiplicity and boundedness of solutions for the equation Set
Definition . The Heisenberg Laplacian is defined by
We will use the variational methods to solve the problem of (.). Explicitly, we will look for critical points of the functional I : E → R,
where
The main difficulty in this problem is that the functional is continuous but not differentiable in whole space E. Nevertheless, the derivatives of I exist along the directions of E ∩ L ∞ (H N ).
It is sufficient to prove the conclusion when p = . Let {u n } be a weakly convergent sequence to zero in E.
As {u n } is bounded in E, {u n } possess a subsequence strongly converging to zero in
by the Folland-Stein embedding theorem [] . The proof is completed.
Firstly, we introduce the eigenvalue problem. Let Lu = -H u + b(η)u. We consider the following eigenvalue problem:
By virtue of the spectral theory for compact operators, we get a sequence of eigenvalues
with λ n → +∞ as n → ∞ and the first eigenvalue λ  has the variational characterization
Next we state the assumptions and main results of this paper. We make the following hypotheses:
is measurable with respect to η;
, and α  >  such that
where θ is as in (
, then () holds by using (J  ).
On the other hand,
by virtue of assumption (J  ), one has ().
Remark . Under assumptions (J  )-(J  ) and (f  )-(f  ), for the functional I, we have the following assertions:
Thirdly, we recall some definitions and properties of nonsmooth critical theory (see [, -]).
Definition . Let f : X → R be a continuous functional and u ∈ X. We denote by |df |(u) the supremum of the σ in [, +∞) such that there exist δ >  and a continuous map H :
The extended real number |df |(u) is called the weak slope of f at u.
, h ≤ } = , then the conclusion holds.
Otherwise, for a given σ with
uous with respect to u, there exists δ  >  such that
. Define a continuous map:
On the other hand, by Lagrange mean value theorem, it is easy to see that
It follows that |dI|(u) ≥ σ , and we complete the proof by the arbitrariness of σ .
Definition . Let X be a metric space and f : X → R be a continuous functional. For a c ∈ R, we say that f satisfies the Palais-Smale condition at level c, denoted by (PS) c , if every sequence {u n } in X with |df |(u n ) →  and f (u n ) → c admits a strongly convergent subsequence.
The main result of this paper is the following theorem.
The paper is organized as follows. In Section , we introduce and establish some lemmas for Theorem .. In Section , we will prove the main theorem. In the last section, we obtain boundedness of critical points (Theorem .). 
Preliminaries and fundamental lemmas
Then there exists a sequence {c n } of critical values of f with c n → +∞. Now, in order to prove that the functional I satisfies the Palais-Smale condition, we will introduce an auxiliary notion. By Remark ., the proof of this lemma is standard, and we omit it here.
Lemma . Let {u n } be a bounded sequence in E, satisfying 
i.e., u is a critical point of I.
Proof By the argument as [], we get
, we have
When u n ≥ R, by (J  ), we have
When u n ≤ R, by (J  ) and Remark ., we have
By the convergency of {u n }, Remark ., ω n →  in E * and (f  ), we get
as n → ∞. We apply Fatou's lemma to get
Putting k → ∞, we get
By taking h = ϕe -M(u n +R) + and a similar argument we can get the opposite inequality. So we have
Hence,
The proof has been completed.
In (.) we can only select test functions in
In the following lemma, we will enlarge the class of test functions.
Lemma . Suppose that u ∈ E satisfies I
By Lemma ., we have
. From Lebesgue's dominated convergence theorem, as k → ∞, we have
Then it is easy to see that
from (.). By taking the inferior limit in (.) and applying Fatou's lemma, we obtain
. Using Lebesgue's dominated convergence theorem in (.) again, we obtain
The lemma has been proved.
Lemma . Let c ∈ R and {u n } be a sequence satisfying (.) and
Proof By (J  ), we have
Further, we get
by Lemma .. From the assumptions we have
From (J  ) and (f  ), it follows that
By (.), we obtain
It follows from (f  ) and (.) that
Therefore,
This implies that {u n } is bounded in E.
Lemma . Let {u n } be a subsequence as in Lemma .. Then {u n }, possessing a subsequence, converges strongly in E.
Proof Consider the cut-off function
. It is easy to prove {u n e ζ (u n ) } is bounded in E, up to a subsequence, having
By Lemma . we know that ue ζ (u) is a critical point of the functional I. Let h = u n e ζ (u n ) in (.). It follows from Lemma . that
First we verify the condition () in Lemma .. Let W be a finite-dimensional subspace of E. For any u ∈ W , by (f  ), we have
.
Considering θ > , there exists R >  such that I(u) <  when u = R. Next we consider the condition () in Lemma .. By (J  ) and (f  ), for any u ∈ E we have
. . , v k } ⊥ and {v j } j≥ be an orthonormal basis of eigenvectors of the operator L. Then for any u ∈ V k we have
When u = , we can choose k large enough and ε small enough such that
Hence the condition () of Lemma . holds with V = V k .
Boundedness of critical points
In this section, we will prove the critical point u ∈ L ∞ (H N ). We make the following hypotheses:
, and α  >  such that 
Proof For k >  and M > , define by M (u -) and by the same steps we can easily prove that u -∈ L ∞ (H N ), which yields the conclusion.
